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We show that a ﬁnite type invariant of order at most 4 for genus 2 handlebody-knots is a
constant map. For this purpose, we give a concrete basis for the vector space of all ﬁnite
type invariants of order at most 4 for spatial theta-curves, which makes a correction to
Koike’s result. Each invariant of the basis is derived from the HOMFLYPT polynomial of the
associated 3-component link of a spatial theta-curve.
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1. Introduction
Throughout this paper we work in the piecewise linear category. A spatial embedding of a graph G is an embedding f
of G into the 3-sphere S3. We denote by SE(G) the set of spatial embeddings of G . A spatial embedding of a graph is
called a spatial graph. Two spatial embeddings f and g of G are equivalent if there exists an orientation-preserving self
homeomorphism ϕ on S3 such that ϕ ◦ f = g . A singular embedding of G is a continuous map f : G → S3 which has
transverse double points and no other singularities. We denote by SE×(G) the set of singular embeddings of G . A singular
embedding of a graph is called a singular spatial graph. Let v be an ambient isotopy invariant for spatial embeddings of G ,
which takes values in the ﬁeld Q of rational numbers. Under a given edge orientation of G , v is uniquely extended to
singular embeddings of G by using the relation
v
( )
= v
( )
− v
( )
. (1)
Then v is called a ﬁnite type invariant of order at most n if v( f ) = 0 for any f ∈ SE×(G) with n + 1 double points. We remark
that the deﬁnition of a ﬁnite type invariant of order at most n is independent of the choice of the edge orientation of G .
We refer the reader to [1,2,13,15] for details of a ﬁnite type invariant.
A spatial theta-curve is a spatial embedding of the theta graph Θ depicted in Fig. 1. Let Vn be the vector space of all
ﬁnite type invariants of order at most n for spatial theta-curves. Then we have the ﬁltration
V0 ⊂ V1 ⊂ · · · ⊂ Vn ⊂ · · · .
Kanenobu [5] showed that dimV0 = 1, dimV1/V0 = 0, dimV2/V1 = 3, and dimV3/V2 = 4. Koike [8] showed that
dimV4/V3 = 10, although it is not correct. Nikkuni and Yasuhara [10] found speciﬁc ﬁnite type invariants of order at most 3
and 4 for spatial theta-curves which respectively determine C4- and C5-classiﬁcations of the theta-curves, where the invari-
ants contain just 9 independent ﬁnite type invariants of order at most 4 for spatial theta-curves. Since values of a ﬁnite type
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invariant of order at most n − 1 coincide for Cn-equivalent spatial theta-curves, if two spatial theta-curves have the same
value for each of the ﬁnite type invariants they found, then values of a ﬁnite type invariant of order at most 4 coincide for
the spatial theta-curves. In this sense, the 9 invariants determine any ﬁnite type invariants of order at most 4. Then they
suggested to the authors that dimV4/V3 = 15. In this paper, we see that dimV4/V3 = 15 by giving a speciﬁc basis for the
vector space V4. Each invariant of the basis is derived from the HOMFLYPT polynomial of the associated 3-component link
of a spatial theta-curve, and the basis includes 6 of the 9 invariants.
A genus g handlebody-knot [4] is a genus g handlebody embedded in S3. Two handlebody-knots are equivalent if one
can be transformed into the other by an isotopy of S3. For a spatial graph f ∈ SE(G), we denote by N( f ) the regular
neighborhood of f (G) in S3. We denote by G(g) the set of connected graphs with ﬁrst Betti number g . For a spatial
embedding f of G ∈ G(g) , the regular neighborhood N( f ) is a genus g handlebody-knot. Let v be an invariant for genus g
handlebody-knots, which takes values in Q. We remark that v(N( f )) is an invariant of a spatial embedding f of G ∈ G(g) .
Then v is called a ﬁnite type invariant of order at most n if v ◦ N is a ﬁnite type invariant of order at most n for all spatial
embeddings of any G ∈ G(g) , where v ◦ N is a map which sends f ∈ SE(G) to v(N( f )).
Theorem 1. An invariant v for genus 2 handlebody-knots is a ﬁnite type invariant of order at most 4 if and only if v is a constant map.
In Section 2, we prepare some ﬁnite type invariants for spatial theta-curves, and give a speciﬁc basis for the vector
space V4. In Section 3, we give 15 chord diagrams for a basis of the vector space spanned by chord diagrams of order 4,
and prove the theorem and propositions given in Section 2.
2. A speciﬁc basis
Let P (L; v, z) ∈ Z[v±1, z±1] be the HOMFLYPT polynomial [3,11] of an oriented link L, which is determined by the skein
relation
v−1P
(
; v, z
)
− v P
(
; v, z
)
= zP
(
; v, z
)
and P (O ; v, z) = 1 for the trivial knot O . Let Pi(L; v) be the ith coeﬃcient polynomial of P (L; v, z):
P (L; v, z) =
∑
i
P i(L; v)zi .
Kanenobu and Miyazawa [6] showed that the nth derivative P (n)i (L;1) of the ith coeﬃcient polynomial Pi(L; v) at v = 1 is
a ﬁnite type invariant of order at most n + i. In particular, ai(L) := P (0)i (L;1) is a ﬁnite type invariant of order at most i,
which is the ith coeﬃcient of the Conway polynomial.
A disk/band surface S f of a spatial theta-curve f ∈ SE(Θ) is a compact orientable surface in S3 containing f (Θ) in
its interior so that f (Θ) is a deformation retract of the surface. The associated 3-component link L f = K f1 ∪ K f2 ∪ K f3 is
the boundary of the disk/band surface S f with zero Seifert linking form (see Fig. 2). The associated 3-component link
L f is determined by the spatial theta-curve f [7]. We order and orient L f so that K fi = f (ei+1) − f (ei+2) in H1(S f ) for
i = 1,2,3, where suﬃxes are taken modulo 3. We note that each component K fi of the associated 3-component link L f is
a constituent knot of a spatial theta-curve f . Stanford [12] showed that a ﬁnite type invariant of order at most n for the
associated 3-component link L f is a ﬁnite type invariant of order at most n for the original spatial theta-curve f .
Let v1 and v2 be respectively ﬁnite type invariants of order at most n1 and n2 for spatial embeddings of a graph G .
We deﬁne the product v1v2 by (v1v2)( f ) = v1( f )v2( f ) for f ∈ SE(G), where we note that the equality does not hold for
f ∈ SE×(G). The product v1v2 is a ﬁnite type invariant of order at most n1 + n2, which follows from the equality
(v1v2)(D0,...,0) =
∑
i1,...,in∈{0,1}
v1(Di1,...,in )v2(Di1−1,...,in−1),
where D0,...,0 is a diagram of f ∈ SE×(G) with n double points c1, . . . , cn , and Di1,...,in is the diagram obtained from D0,...,0
by replacing each double point ck with a positive crossing, a negative crossing or a double point according as the number
ik is +1,−1 or 0, respectively. Then the following are ﬁnite type invariants of order at most 4 for a spatial theta-curve
f ∈ SE(Θ):
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c, a2
(
K fi
)
, P (3)0
(
K fi ;1
)
, a3
(
K fi ∪ K fj
)
, a2
(
K fi
)2
, a2
(
K fi
)
a2
(
K fj
)
, a4
(
K fi
)
, P (4)0
(
K fi ;1
)
, P (1)3
(
K fi ∪ K fj ;1
)
,
where c is a constant map. We note that a3(K
f
1 ∪ K f2 ) = a3(K f1 ∪ K f3 ) = a3(K f2 ∪ K f3 ) [5,14].
Let U be the trivial spatial theta-curve, which is equivalent to the spatial theta-curve just given in Fig. 1. Let f 2k , f
3
1,k ,
f 32,k , f
4
1,k , f
4
2,k , f
4
3,k , f
4
4,k , f
4
5,k be the singular spatial theta-curves depicted in Fig. 3, where the suﬃxes of ek, ek+1, ek+2 are
taken modulo 3.
Proposition 2. Let v be a ﬁnite type invariant of order at most 4 for spatial theta-curves. Then,
v( f ) = A +
3∑
i=1
Bia2
(
K fi
)+
3∑
i=1
Ci P
(3)
0
(
K fi ;1
)+ Da3(K f1 ∪ K f2 )+
3∑
i=1
Eia2
(
K fi
)2
+
∑
1i< j3
Fija2
(
K fi
)
a2
(
K fj
)+
3∑
i=1
Gia4
(
K fi
)+
3∑
i=1
Hi P
(4)
0
(
K fi ;1
)+ ∑
1i< j3
Ii j P
(1)
3
(
K fi ∪ K fj ;1
)
,
where A = v(U ) and
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
B1
B2
B3
C1
C2
C3
D
E1
E2
E3
F12
F13
F23
G1
G2
G3
H1
H2
H3
I12
I13
I23
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 0 0 −24 0 0 −1 1 0 0 0 0 0 0 0 0 −24 0 0 −1 −3 −3
0 1 0 0 −24 0 −1 0 1 0 0 0 0 0 0 0 0 −24 0 −3 −1 −3
0 0 1 0 0 −24 −1 0 0 1 0 0 0 0 0 0 0 0 −24 −3 −3 −1
0 0 0 96 0 0 2 0 0 0 0 0 0 0 0 0 −576 0 0 0 0 0
0 0 0 0 96 0 2 0 0 0 0 0 0 0 0 0 0 −576 0 0 0 0
0 0 0 0 0 96 2 0 0 0 0 0 0 0 0 0 0 0 −576 0 0 0
0 0 0 48 0 0 0 2 0 0 0 0 0 0 0 0 −480 0 0 −2 −2 −2
0 0 0 0 0 0 0 0 2 2 2 0 0 0 1 1 0 384 384 0 −2 −2
0 0 0 0 0 0 0 2 0 2 0 2 0 1 0 1 384 0 384 −2 0 −2
0 0 0 0 0 0 0 2 2 0 0 0 2 1 1 0 384 384 0 −2 −2 0
0 0 0 0 0 0 0 0 0 2 1 1 1 0 0 1 0 0 384 −4 −4 −2
0 0 0 0 0 0 0 0 2 0 1 1 1 0 1 0 0 384 0 −4 −2 −4
0 0 0 0 0 0 0 2 0 0 1 1 1 1 0 0 384 0 0 −2 −4 −4
0 0 0 0 0 0 0 0 4 4 4 0 0 0 0 0 0 −384 −384 48 0 0
0 0 0 0 0 0 0 4 0 4 0 4 0 0 0 0 −384 0 −384 0 48 0
0 0 0 0 0 0 0 4 4 0 0 0 4 0 0 0 −384 −384 0 0 0 48
0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 −384 0 0 0 −10 −10
0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 −384 0 −10 0 −10
0 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 −384 −10 −10 0
0 0 0 0 0 0 0 6 6 0 0 0 6 1 1 0 −1152 −1152 0 −2 −2 48
0 0 0 0 0 0 0 6 0 6 0 6 0 1 0 1 −1152 0 −1152 −2 48 −2
0 0 0 0 0 0 0 0 6 6 6 0 0 0 1 1 0 −1152 −1152 48 −2 −2
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−1
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
v( f 21 )
v( f 22 )
v( f 23 )
v( f 31,1)
v( f 31,2)
v( f 31,3)
v( f 32,1)
v( f 41,1)
v( f 41,2)
v( f 41,3)
v( f 42,1)
v( f 42,2)
v( f 42,3)
v( f 43,1)
v( f 43,2)
v( f 43,3)
v( f 44,1)
v( f 44,2)
v( f 44,3)
v( f 45,1)
v( f 45,2)
v( f 45,3)
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
Hence,{
c,a2
(
K f1
)
,a2
(
K f2
)
,a2
(
K f3
)
, P (3)0
(
K f1 ;1
)
, P (3)0
(
K f2 ;1
)
, P (3)0
(
K f3 ;1
)
,a3
(
K f1 ∪ K f2
)
,a2
(
K f1
)2
,a2
(
K f2
)2
,a2
(
K f3
)2
,
a2
(
K f1
)
a2
(
K f2
)
,a2
(
K f1
)
a2
(
K f3
)
,a2
(
K f2
)
a2
(
K f3
)
,a4
(
K f1
)
,a4
(
K f2
)
,a4
(
K f3
)
, P (4)0
(
K f1 ;1
)
, P (4)0
(
K f2 ;1
)
, P (4)0
(
K f3 ;1
)
,
P (1)3
(
K f1 ∪ K f2 ;1
)
, P (1)3
(
K f1 ∪ K f3 ;1
)
, P (1)3
(
K f2 ∪ K f3 ;1
)}
is a basis for the vector space V4 of all ﬁnite type invariants of order at most 4 for spatial theta-curves, where c is a constant map.
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For an unordered, unoriented spatial theta-curve f , we deﬁne
3∑
i=1
a2
(
K fi
)
,
3∑
i=1
P (3)0
(
K fi ;1
)
, a3
(
K f1 ∪ K f2
)
,
3∑
i=1
a2
(
K fi
)2
,
∑
1i< j3
a2
(
K fi
)
a2
(
K fj
)
,
3∑
i=1
a4
(
K fi
)
,
3∑
i=1
P (4)0
(
K fi ;1
)
,
∑
1i< j3
P (1)3
(
K fi ∪ K fj ;1
)
by putting an order and an orientation to f as shown in Fig. 1. Then they are well-deﬁned for unordered, unoriented spatial
theta-curves, and are ﬁnite type invariants of order at most 4 [5]. Let f 2, f 31 , f
3
2 , f
4
1 , f
4
2 , f
4
3 , f
4
4 , f
4
5 be respectively the
singular spatial theta-curves obtained from f 2k , f
3
1,k , f
3
2,k , f
4
1,k , f
4
2,k , f
4
3,k , f
4
4,k , f
4
5,k by forgetting their orders and orientations.
Proposition 3. Let v be a ﬁnite type invariant of order at most 4 for unordered, unoriented spatial theta-curves. Then,
v( f ) = A + B
3∑
i=1
a2
(
K fi
)+ C
3∑
i=1
P (3)0
(
K fi ;1
)+ Da3(K f1 ∪ K f2 )+ E
3∑
i=1
a2
(
K fi
)2
+ F
∑
1i< j3
a2
(
K fi
)
a2
(
K fj
)+ G
3∑
i=1
a4
(
K fi
)+ H
3∑
i=1
P (4)0
(
K fi ;1
)+ I ∑
1i< j3
P (1)3
(
K fi ∪ K fj ;1
)
,
where A = v(U ) and
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
B
C
D
E
F
G
H
I
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 −24 −1 1 0 0 −24 −7
0 96 2 0 0 0 −576 0
0 48 0 2 0 0 −480 −6
0 0 0 4 2 2 768 −4
0 0 0 2 3 1 384 −10
0 0 0 8 4 0 −768 48
0 0 0 4 0 0 −384 −20
0 0 0 12 6 2 −2304 44
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
−1⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
v( f 2)
v( f 31 )
v( f 32 )
v( f 41 )
v( f 42 )
v( f 43 )
v( f 44 )
v( f 45 )
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
3. A chord diagram
A chord diagram of order n on the theta graph Θ is n pairs of distinct 2n points on the edges of Θ , where we represent
the n pairs by n dashed arcs on the diagram. We denote by An the quotient vector space over Q spanned by chord diagrams
of order n on Θ subject to the framing independence relation (FI), the 4-term relation (4T), the relation induced from the
Reidemeister move of type V (RV) and the vertex-edge relation (VE) as shown in Fig. 4. Since Vn/Vn−1 is isomorphic to
An by [9], we have dimVn/Vn−1 = dimAn . Kanenobu [5] showed that dimV0 = 1, dimV1/V0 = 0, dimV2/V1 = 3, and
dimV3/V2 = 4. Koike [8] showed that dimV4/V3 = 10, although it is not correct as shown in the following proposition.
Proposition 4. The set of 15 chord diagrams in Fig. 5 is a basis of the vector space A4 . Then dimV4/V3 = dimA4 = 15.
Proof. We list all chord diagrams of order 4 and all relators on them arising from the relations (4T), (FI), (RV), (VE), and
eliminate linearly dependent chord diagrams with the aid of a computer. Then we have the 15 chord diagrams in Fig. 5. 
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Fig. 5. A basis for A4 (k = 1,2,3).
Proof of Proposition 2. Since dimV4 = dimV0 +∑3i=0 dimVi+1/Vi = 23, it is suﬃcient to prove that the following 23 ﬁnite
type invariants of order at most 4 are linearly independent:
c,a2
(
K f1
)
, a2
(
K f2
)
, a2
(
K f3
)
, P (3)0
(
K f1 ;1
)
, P (3)0
(
K f2 ;1
)
, P (3)0
(
K f3 ;1
)
,
a3
(
K f1 ∪ K f2
)
, a2
(
K f1
)2
, a2
(
K f2
)2
, a2
(
K f3
)2
, a2
(
K f1
)
a2
(
K f2
)
, a2
(
K f1
)
a2
(
K f3
)
,
a2
(
K f2
)
a2
(
K f3
)
, a4
(
K f1
)
, a4
(
K f2
)
, a4
(
K f3
)
, P (4)0
(
K f1 ;1
)
, P (4)0
(
K f2 ;1
)
,
P (4)0
(
K f3 ;1
)
, P (1)3
(
K f1 ∪ K f2 ;1
)
, P (1)3
(
K f1 ∪ K f3 ;1
)
, P (1)3
(
K f2 ∪ K f3 ;1
)
.
By evaluating these invariants for the singular spatial theta-curves in Fig. 3, we obtain the matrix in Proposition 2. Since the
matrix is a regular matrix, the invariants are linearly independent. 
We prove Proposition 3 by using Proposition 2.
Proof of Proposition 3. By forgetting orders and orientations of spatial theta-curves, v is a ﬁnite type invariant of order at
most 4 for ordered, oriented spatial theta-curves. Then, by Proposition 2, we have
v( f ) = A +
3∑
i=1
Bia2
(
K fi
)+
3∑
i=1
Ci P
(3)
0
(
K fi ;1
)+ Da3(K f1 ∪ K f2 )+
3∑
i=1
Eia2
(
K fi
)2
+
∑
1i< j3
Fija2
(
K fi
)
a2
(
K fj
)+
3∑
i=1
Gia4
(
K fi
)+
3∑
i=1
Hi P
(4)
0
(
K fi ;1
)+ ∑
1i< j3
Ii j P
(1)
3
(
K fi ∪ K fj ;1
)
,
where A = v(U ). By the equalities
v
(
f 21
)= v( f 22 )= v( f 23 ), v( f 31,1)= v( f 31,2)= v( f 31,3),
v
(
f 41,1
)= v( f 41,2)= v( f 41,3), v( f 42,1)= v( f 42,2)= v( f 42,3),
v
(
f 43,1
)= v( f 43,2)= v( f 43,3), v( f 44,1)= v( f 44,2)= v( f 44,3),
v
(
f 4
)= v( f 4 )= v( f 4 ),5,1 5,2 5,3
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we have
B1 = B2 = B3, C1 = C2 = C3, E1 = E2 = E3, F12 = F13 = F23,
G1 = G2 = G3, H1 = H2 = H3, I12 = I13 = I23.
By putting
B = B1, C = C1, E = E1, F = F12, G = G1, H = H1, I = I12,
we obtain the proposition. 
Proof of Theorem 1. A constant map is a ﬁnite type invariant of order at most 4 for genus 2 handlebody-knots. We suppose
that v is a ﬁnite type invariant of order at most 4 for genus 2 handlebody-knots. Then v ◦ N is a ﬁnite type invariant of
order at most 4 for unordered, unoriented spatial theta-curves. By Proposition 3, we have
(v ◦ N)( f ) = A + B
3∑
i=1
a2
(
K fi
)+ C
3∑
i=1
P (3)0
(
K fi ;1
)+ Da3(K f1 ∪ K f2 )+ E
3∑
i=1
a2
(
K fi
)2
+ F
∑
1i< j3
a2
(
K fi
)
a2
(
K fj
)+ G
3∑
i=1
a4
(
K fi
)+ H
3∑
i=1
P (4)0
(
K fi ;1
)+ I ∑
1i< j3
P (1)3
(
K fi ∪ K fj ;1
)
,
where A = (v ◦ N)(U ). Then, for the spatial theta-curves f1, . . . , f8 depicted in Fig. 6, we have
(v ◦ N)( f1) = A + 3B − 168C − 5D + 9E + G − 648H + 924I,
(v ◦ N)( f2) = A + 6B − 528C − 14D + 36E + 5G − 3600H + 3912I,
(v ◦ N)( f3) = A + 10B − 1200C − 30D + 100E + 15G − 11760H + 11160I,
(v ◦ N)( f4) = A − B − 24C + D + E + 120H + 60I,
(v ◦ N)( f5) = A + 2B + 192C − 4D + 4E − 2064H + 552I,
(v ◦ N)( f6) = A − 2B + 4D + 4E + 144H − 72I,
(v ◦ N)( f7) = A + 4B − 192C − 2D + 10E + 3F + G − 672H − 96I,
(v ◦ N)( f8) = A + 3B + 168C − D + 5E + 2F − 2088H − 324I.
Since the handlebody-knots N( f1), . . . ,N( f8) and N(U ) are equivalent, we have (v ◦ N)( f1) = · · · = (v ◦ N)( f8) = (v ◦
N)(U ) = A, which implies B = C = D = E = F = G = H = I = 0. Therefore v is a constant map. 
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